Background: A microscopic description of nuclei is important to understand the nuclear shell-model from fundamental principles. This is difficult to achieve for more than the lightest nuclei without an effective approximation scheme.
I. INTRODUCTION
In the past decade, the computing resources made available for scientific research has grown several orders of magnitude. This trend will continue during this decade, culminating in exascale computing facilities. This will promote new insights in every discipline as new problems can be solved and old problems can be solved faster and to a higher precision.
In nuclear physics, one important goal is a predictive theory, where nuclear observables can be calculated from first principles. But even with the next generation of supercomputers, a virtually exact solution to the nuclear many-body problem is possible only for light nuclei (see Leidemann and Orlandini [1] for a recent review on manybody methods). Using a finite basis expansion, a full diagonalization can currently be performed for nuclei in the p-shell region [2] . This might be extended to light sdshell nuclei within the next couple of years with access to sufficient computing resources. For ab initio access to larger nuclei, the problem has to be approached differently [3] [4] [5] [6] [7] . * gustav.jansen@utk.edu
In coupled-cluster theory, a series of controlled approximations are performed to generate a similarity transformation of the nuclear Hamiltonian. At a given level of approximation, efficient formulas exist to evaluate the ground state energy of a closed (sub-)shell reference nucleus. The similarity-transformed Hamiltonian is then diagonalized to calculate excited states and states of nuclei with one or more valence nucleons. This defines the equation-of-motion coupled-cluster (EOM-CC) framework (see Bartlett and Musia l [8] for a recent review and Shavitt and Bartlett [9] for a textbook presentation). Recently, this method was applied to the oxygen [10] and the calcium [11] isotopic chains, as well as 56 Ni [12] , extending the reach of ab initio methods in the medium mass region. Further calculations in the nickel and tin regions are also planned.
In this work, I will refine the EOM-CC method for two valence nucleons attached to a closed (sub-)shell reference (2PA-EOM-CC). The general theory was presented in Jansen et al. [13] , where calculations were limited to small model spaces. The working equations are now completely reworked in a spherical formalism. Since the Hamiltonian is invariant under rotation, this formalism enables us to do calculations in significantly larger model spaces. All relevant equations of spherical formalism are explicitly included here for future reference. The method, in the form presented here, has already been successfully applied to several nuclei [10, 11, 14, 15] , but the formalism has not been presented.
A brief overview of general coupled-cluster theory and the equation-of-motion extensions is given in Sec. II. In Sec. III I derive the working equations for 2PA-EOM-CC and discuss numerical results for selected p-and sd-shell nuclei in Sec. IV. As a proper treatment of three body forces and continuum degrees of freedom is beyond the scope of this article, the focus will be on convergence, rather than comparison to experiment. Finally, in Sec. V I present conclusions and discuss the road ahead. All angular momentum transformations used in this work are defined in the appendix.
II. COUPLED-CLUSTER THEORY
In this section the Hamiltonian that enters the coupled-cluster calculations is defined. I have also included a brief review of single reference coupled clustertheory together with the equation-of-motion (EOM-CC) extensions. In this framework, a diagonalization in a truncated vector space yields excited states, where also nuclei with different particle numbers can be approached by choosing an appropriate basis. The presentation is kept short and is focused on the aspects important for deriving the spherical version of the 2PA-EOM-CCSD method presented in Sec. III.
All calculations are done using the intrinsic Hamiltonian
Here A is the number of nucleons in the reference state, A * = A + 2 is the mass number of the target nucleus, andv ij is the nucleon-nucleon interaction. Only twobody interactions are included at present. In the second quantization, the Hamiltonian can be written aŝ 
The term pq||rs is a shorthand for the matrix elements (integrals) of the two-body part of the Hamiltonian of Eq. (1), p, q, r and s represent various single-particle states while ε p q stands for the matrix elements of the onebody operator in Eq. (1) . Finally, second quantized operators like a † q and a p create and annihilate a nucleon in the states q and p, respectively. These operators fulfill the canonical anti-commutation relations.
A. Single-reference coupled-cluster theory
In single-reference coupled-cluster theory, the manybody ground-state |Ψ 0 is given by the exponential ansatz,
Here, |Φ 0 is the reference Slater determinant, where all states below the Fermi level are occupied andT is the cluster operator that generates correlations. The operatorT is expanded as a linear combination of particle-hole excitation operatorŝ
whereT n is the n-particle-n-hole(np-nh) excitation operator T n = 1 n! ..in will be determined by solving the coupledcluster equations. In the singles and doubles approximation the cluster operator is truncated aŝ
which defines the coupled-cluster approach with singles and doubles excitations, the so-called CCSD approximation. The unknown amplitudes result from the solution of the non-linear CCSD equations given by 
The term H = exp (−T)Ĥ N exp (T) = Ĥ N exp (T)
is called the similarity-transform of the normal-ordered Hamiltonian. In this formulation, the state |Φ ab... ij... is a Slater determinant that differs from the reference |Φ 0 by holes in the orbitals ij . . . and by particles in the orbitals ab . . . . The subscript C indicates that only connected diagrams enter, while the normal-ordered Hamiltonian is defined asĤ
The operatorF is the onebody part of the normal-ordered Hamiltonian defined aŝ
where
Here ǫ p q and pi||qi are the matrix elements of the Hamiltonian in Eq. (2). The sum is over all single particle indices, i, below the Fermi energy. The operatorV N is the twobody part of the normal-ordered Hamiltonian, while E 0 denotes the vacuum expectation value with respect to the reference state.
Once the t a i and t ab ij amplitudes have been determined from Eq. (7), the correlated ground-state energy is given by
The CCSD approximation is a very inexpensive method to obtain the ground state energy of a nucleus. In most cases however, the accuracy is not satisfactory [16] . The obvious solution would be to include triples excitations in Eq. (6) to define the CCSDT approximation. This leads to an additional set of non-linear equations
that has to be solved consistently. Unfortunately, such a calculation is computationally prohibitive [4] . The computational cost of CCSDT scales as n
u , where n o is the number of single-particle states occupied in the reference determinant and n u are the number of unoccupied states. For comparison, the computational cost of the CCSD approximation scales as n
Instead of solving the coupled-cluster equations (7) including triples excitations, one calculates a correction to the correlated ground state energy (12) , using the Λ-CCSD(T) approach [17, 18] . Here, the left-eigenvalue problem using the CCSD similarity-transformed Hamiltonian is solved, yielding a correction to the ground state energy. The left-eigenvalue problem is given by
whereΛ is a de-excitation operator,
The unknown amplitudes λ i a and λ ij ab are the components of the left-eigenvector with the lowest eigenvalue in Eq. (14) . Once found, the energy correction is given by
Here,F hp is the part of the normal-ordered one-body Hamiltonian (10) that annihilates particles and creates holes. The energy denominator is defined as
where f pp are the diagonal elements of the normal ordered one-body HamiltonianF defined in Eq. (11) . Using this approach, the ground state wave function (3) and the similarity transformed Hamiltonian (8) are calculated using the CCSD approximation, while the ground state energy is given by
This approximation has proved to give very accurate results for closed (sub-)shell nuclei [19] .
B. Equation-of-motion coupled-cluster(EOM-CC) theory
In nuclear physics, the single reference coupled-cluster method defined by the coupled-cluster equations (7) is normally used to obtain the ground state energy of a closed (sub-)shell nucleus. While it is possible to apply the CC method to any reference determinant to obtain the energy of different states, the EOM-CC framework is usually employed for such endeavors.
Equation (8) defines a similarity transformation. This guarantees that the eigenvalues ofH are equivalent to the eigenvalues of the intrinsic Hamiltonian (1) and that the eigenvectors are connected by the transformation defined by Eq. (3). However, approximations are introduced by limiting the vector space allowed in the diagonalization ofH. This is the foundation of the EOM-CC approach.
To simplify the equations and for effective calculations, the eigenvalue problem in the EOM-CC approach is modified. A new eigenvalue problem is defined as the difference between a target state and the coupled-cluster reference state (3). Formally, a general state of the A-body nucleus is written
HereΩ µ is an excitation operator that creates the state |Ψ µ when applied to the coupled-cluster reference state |Ψ 0 . The label µ identifies the quantum numbers(eg. energy and angular momentum) of the target state. The Schrödinger equations for the target state and the coupled-cluster reference state are written
Here E µ is the energy of the target state and E CC is the coupled-cluster reference energy in Eq. (12) .
By multiplying Eq. (22) with e −T and Eq. (23) witĥ Ω µ e −T from the left and take the difference between the two equations, the eigenvalue problem is written as
where ω µ = E µ −E CC and we have used that Ω µ ,T = 0. Finally, none of the unconnected terms in the evaluation of the commutator survive, resulting in
This operator equation can be posed as a matrix eigenvalue problem where ω µ are the eigenvalues and the matrix elements ofΩ µ are the components of the eigenvectors. The subscript C implies that only terms whereH andΩ µ are connected by at least one contraction survive. In diagrammatic terms, this means that only connected diagrams appear in the operator product HΩ µ C .
The similarity-transformed Hamiltonian (8) is a nonHermitian operator and is diagonalized by an Arnoldi algorithm( for details, see, for example, Golub and Van Loan [20] ). This algorithm relies on the repeated application of the connected matrix vector product defined by Eq. (25) . A left-eigenvalue problem is solved to obtain the conjugate eigenvectors [21] , but this is beyond the scope of this article.
To find the explicit expressions for the connected matrix vector product, the excitation operator must be properly defined. When used for excited states of an A-body nucleus, the excitation operator in Eq. (21) is parametrized in terms of np-nh operators and written aŝ
The unknown amplitudes r(with the sub-and superscripts dropped) are the matrix elements ofR,
and can be grouped into a vector that solves the eigenvalue problem in Eq. (25) . The explicit equations for the matrix vector product are established by looking at each individual element using a diagrammatic approach,
Calculations using the full excitation operator (26) , are not computationally tractable, so an additional level of approximation is introduced by a truncation. When the CCSD approximation is used to obtain the reference wave function, the excitation operator is truncated at the 2p-2h level [22] which defines EOM-CCSD.
In the EOM-CC approach, the states of A ± k nuclei are also treated as excited states of an A-body nucleus. The general wave function for an A ± k nucleus is written
The operatorΩ µ and the energies E µ of the target state, also solve the eigenvalue problem in Eq. (25). The energy difference ω µ = E µ − E * 0 is now the excitation energy of the target state in the nucleus A ± k, with respects to the closed-shell reference nucleus with the mass shift A * = A ± k in the Hamiltonian (1). This mass shift ensures that the correct kinetic energy of the center of mass is used in computing the A ± k nuclei.
The operatorŝ
define the particle attached equation-of-motion coupledcluster [23] (PA-EOM-CC) and the particle removed equation-of-motion coupled-cluster [24] (PR-EOM-CC) approaches. These methods have been used successfully in quantum chemistry for some time (see Bartlett and Musia l [8] for a review), but also have recently been implemented for use in nuclear structure calculations [25] . In Jansen et al. [13] 2PA-EOM-CCSD and 2PR-EOM-CCSD were defined for systems with two particles attached to and removed from a closed (sub-)shell nucleus. For this problem, the excitation operators were given bŷ
In this article, I will focus on the 2PA-EOM-CCSD method, where (34) is truncated at the 3p-1h level. This approximation is suitable for states with a dominant 2p structure. It is already computationally intensive with up to 10 9 basis states (see Sec. IV) for the largest nuclei attempted. A full inclusion of 4p-2h amplitudes therefore is not feasible at this time.
C. Spherical coupled-cluster theory
For nuclei with closed (sub-)shell structure, the reference state has good spherical symmetry and zero total angular momentum. For these systems, the cluster operator (4) is a scalar under rotation and depends only on reduced amplitudes. Thus,
where the amplitudes t(J)(sub-and superscripts dropped) are a short form of the reduced matrix elements of the cluster operator (4) (see Appendix A for details). Moreover, J is a label specifying the total angular momentum of a many-body state and standard tensor notation has been used to specify the tensor couplings. The single particle operatorã i is the time reversal of the a † i operator that creates a particle in the orbital labeled i.
As the similarity-transformed Hamiltonian (8) is a product of three scalar operators (remember that the exponential of an operator is defined in terms of its Taylor expansion), it is also a scalar under rotation. This allows a formulation of the coupled-cluster equations that is completely devoid of magnetic quantum numbers, thus reducing the size of the single-particle space and the number of coupled non-linear equations to solve in Eq. (7). For further details, see Hagen et al. [19] .
Within the same formalism, the connected operator product in Eq. (25) is established. This will greatly reduce the computational cost of calculating the product but also allow a major reduction in both the singleparticle basis and the number of allowed configurations in the many-body basis.
Given a target state with total angular momentum J (in units of c), the excitation operator, Ω µ (21), is a spherical tensor operator by definition (see, for example, Bohr and Mottelson [26] ). It has a rank of J, with 2J + 1 components labeled by the magnetic quantum number M ∈ [−J, . . . , J]. It is written as
where A is the number of particles in the reference state, A±k is the number of particles in the target state, while µ identifies a specific set of quantum numbers. Identifying the excitation operator as a spherical tensor operator, invokes an extensive machinery of angular momentum algebra with important theorems. Of special importance is the Wigner-Eckart theorem(see for example Edmunds [27] ), which states that the matrix elements of a spherical tensor operator can be factorized into two parts. The first is a geometric part identified by a Clebsch-Gordon coefficient, while the second is a reduced matrix element that does not depend on the magnetic quantum numbers.
To develop the spherical form of EOM-CC, I will use the following notation for the matrix elements of a general operator
where the single-particle states labeled a and b are occupied in the outgoing state, while the single-particle states labeled i and j are occupied in the incoming state. All single-particle states shared between the incoming and outgoing many-body states are dropped from the notation.
In this form, a component of the spherical basis is written as
where α denotes a particular many-body state, while J α (M α ) is the total angular momentum(projection) of this state. Using the spherical notation, the matrix elements of the excitation operator are written
where we have dropped the cumbersome sub-and superscripts on the excitation operator in favor of standard tensor notation. The matrix elements of the matrix vector product in Eq. (25) are written
Now the Wigner-Eckart theorem allows a factorization of the matrix elements into two factors
Here C JJ β Jα MM β Mα is a Clebsch-Gordon coefficient and the double bars denote reduced matrix elements and do not depend on any of the projection quantum numbers. This equation is simplified by dividing by the Clebsch-Gordon coefficient. This means that for each set of α, β, J α , and J β , where J, J α , and J β satisfy the triangular condition, there are (2J + 1) × (2J α + 1) × (2J β + 1) identical equations for a given J. Only one is needed to solve the eigenvalue problem, which reduces the dimension of the problem significantly. In the final eigenvalue problem the unknown components of the eigenvectors are the reduced matrix elements of the excitation operator
The eigenvalue problem in Eq. (45) is the spherical formulation of the general EOM-CC diagonalization problem. For a given excitation operator, both the connected operator product and the reduced amplitudes must be defined explicitly.
III. SPHERICAL 2PA-EOM-CCSD
In this work I derive the spherical formulation of the 2PA-EOM-CCSD [13] method, where the excitation operator in Eq. (34) has been truncated at the 3p-1h level. It is defined aŝ
where the cumbersome sub-and superscripts in the operator have been dropped. Let us begin by introducing the notation used throughout this section. The unknown amplitudes r are the matrix elements ofR and defined by
while a shorthand form of the components of the matrixvector product is introduced
In this notation, the eigenvalue problem in Eq. (25) is written
In the spherical formulation, the excitation operator is a spherical tensor operator of rank J and projection M ,
Here the a † a (j a ) andã i (j i ) are spherical tensor operators of rank j a and j i respectively, where the latter is the timereversed operator of a † i (j i ). Standard tensor notation has been used to define the spherical tensor couplings. The reduced amplitudes are now the reduced matrix elements of the spherical excitation operator (51). They are defined as
where j a and j b are coupled to J in left to right order. Moreover,
where j a and j b has been coupled to J ab , while J ab and j c has been coupled to J abc , also in left to right order. The shorthand form of the reduced matrix elements of the connected operator product is defined analogously by
and
The transformations that connect the reduced matrix elements ofR J with the uncoupled matrix elements are given in Eqs. (A25)-(A28).
The final form of the spherical eigenvalue problem (45) is written
where the amplitudes are the reduced matrix elements defined above. Table I presents the main result of this section. The first column lists all possible diagrams that contribute to the matrix-vector product in Eqs. (50) and (56). The remaining two columns contain the closed form expressions for these diagrams in the uncoupled and in the spherical representation respectively. All matrix elements and amplitudes are defined in Appendix A, while the permutation operatorsP(a, b) andP(ab, c) are defined in Appendix B. Note that in the spherical representation the permutation operators also change the coupling order.
The last two diagrams contain the three-body parts of the similarity-transformed Hamiltonian (8) (ab) J ef b ,J ef (−1) Table I . All diagrams for the 2PA-EOM-CCSD method with both ordinary and reduced amplitudes and matrix elements. The reduced amplitudes and matrix elements are defined in Appendix A, while χ a i (J) is defined in Appendix C. Note that the two last diagrams are combined into one expression in the spherical formulation and that repeated indices are summed over.
the uncoupled representation and to the reduced matrix elements defined in Eq. (54) in the spherical representation.
The first step is to use the transformation in Eq. (A25) to write the reduced matrix elements (54) in terms of the uncoupled matrix elements (48) . This gives us
whereĴ ≡ √ 2J + 1. The diagram contributions to the uncoupled matrix elements are given by
where the arrow indicates that it is only one of several contributions to this matrix element. Here,H b e is a matrix element of the one-body part of the similaritytransformed Hamiltonian (8) 
Note that for the moment, we are ignoring the permutation operatorP(ab) that is a part of the diagram. Third, the reverse transformations in Eqs. (A17) and (A26) are used to transform the uncoupled matrix ele-ments ofH b e and r ae to the corresponding reduced matrix elements. This gives
where δ is the Kronecker δ and comes from the application of the Wigner-Eckart theorem to the matrix element ofH. The Clebsch-Gordon coefficients are orthonormal so
The remaining expression simplifies to
Note that M 1 = 2J + 1 and that repeated indices are summed over. Initially, we left out the permutation operatorP(a, b) that is needed to generate antisymmetric amplitudes. In the uncoupled representation this operator is defined aŝ
where1 is the identity operator andP a,b changes the order of the two indices a and b, but leaves the coupling order unchanged. Let us apply this operator to HR ab (J). The result iŝ
where the last matrix element has the wrong coupling order compared to the reduced amplitudes defined in Eq. (54) where
To change the coupling order, one of the symmetry properties of the Clebsch-Gordon coefficients is exploited to write
To simplify the notation, the permutation operator in the spherical representation is defined to also change the coupling order. This results in the following definition
The total contribution from the first diagram in Table I in the spherical representation is given by
whereP(ab) is defined by Eq. (67). The three-body permutation operatorsP(ab, c) are defined in the same manner, but they must change the coupling order of three angular momenta. The details have been left to Appendix B.
IV. RESULTS

A. Model space and interaction
All calculations in this section have been done in a spherical Hartree-Fock basis, based on harmonic oscillator single-particle wave functions. These are identified with the set of quantum numbers {nlj} for both protons and neutrons, where n represents the number of nodes, l represents the orbital momentum, and finally j is the total angular momentum of the single-particle wave function.
The size of the model space is identified by the variable
where N = 2n + l, so the number of harmonic oscillator shells is N max + 1. All single-particle states with
are included and no additional restrictions are made on the allowed configurations. Thus, N max completely determines the computational size and complexity of the calculations. . Column two and three list the number of matrix elements for the different model spaces and the memory footprint of the interaction in our implementation. All numbers are based on the coupled representation, also known as jj-scheme. Table II lists the size of the single-particle space for different values of N max in the spherical representation. In addition, it includes the total number of matrix elements of the interaction in Eq. (1), as well as the memory footprint in the implementation. Given the memory requirements, it is clear that a distributed storage scheme is needed.
In addition to the interaction elements, the Arnoldi vectors in the diagonalization procedure also has to be stored. Typically 150 iterations are performed, where one vector has to be stored for each iteration. Table III lists the size of a single vector for selected target states in various model spaces. As an example, for a double precision calculation, where each element requires 8 bytes of storage, the Arnoldi diagonalization would require ≈ 76 GB of memory for the J π = 3 + state of 6 Li with N max = 16. Thus the Arnoldi procedure quickly becomes the largest memory consumer in this method. In general, there is a large computational cost from increasing the total angular momentum of the target state, comparable to increasing the size of the model space.
The interaction used in this work is derived from chiral perturbation theory at next-to-next-to-next-to-leading order(N 3 LO) using the interaction matrix elements of Entem and Machleidt [28] . The matrix elements of this interaction employs a cutoff Λ = 500 MeV and all partial waves up to relative angular momentum J rel = 6 are included. The relevant three-and four-body interactions defined by the chiral expansion at this order are not included.
For the treatment of center-of-mass contamination, a softer interaction where the short-range parts are removed via the similarity renormalization group transformation (SRG) [29] , is used. A cutoff λ = 2.0fm −1 is sufficient for this purpose.
B. Treatment of center of mass
Recently, Hagen et al. [19, 30] demonstrated a procedure to show that the coupled-cluster wave function separates into an intrinsic part and a Gaussian for the centerof-mass coordinate. This is important, because the model spaces employed in coupled-cluster calculations are not complete N ω spaces, where the basis sets consist of all A-body Slater determinants not exceeding N ω in excitation energy. In practical calculations, where the model spaces are not complete, the separation therefore is not a priori guaranteed. As a result, the intrinsic Hamiltonian, where all reference to the center-of-mass has been removed, is usually employed.
In the EOM-CC approach, one makes further approximations by truncating the many-body basis before a diagonalization is performed. It therefore is not clear that the final wave functions separate in the same way as the coupled-cluster reference state. In the following, I will investigate the center-of-mass properties of 2PA-EOM-CC wave functions. As an example, I will highlight selected solutions for A = 6 nuclei. First, we review the procedure from Hagen et al. [19, 30] and introduce the notation.
First, it is assumed that the wave function is the n'th eigenvalue of the center-of-mass Hamiltonian
with a frequency ω that, in general, differs from that of the harmonic oscillator basis employed in the calculation. The expectation value of this operator should vanish given the correct value of n. For all physical solutions, the expectation should vanish for n = 0, provided the solutions are converged. This assumption is rooted in the observation that for most coupled-cluster wave functions, the expectation value E (0)
cm (ω) vanishes for a given value of ω, independent of ω. Under this requirement, the numerical value of ω is given by
that only depends on the frequency of the harmonic oscillator basis employed the calculation. Finally, one calculates the expectation value E (n) cm (ω), where ω now depends on ω. If ω is constant with respect to ω and E (n) cm (ω) ≈ 0 for a range of ω values, the original assumption is verified.
In the following, I will present results for the J = 0 + ground state of 6 He and the first excited J = 3 + state of 6 Li. In addition I include a low lying J π = 1 − state that shows up in the numerical spectrum of 6 He. This state has not been documented experimentally and is a prime candidate for a spurious center-of-mass excitation. All calculations were performed in a model space defined by N max = 16, which was sufficient for converged energies for all states, using an SRG transformed interaction with a momentum cutoff λ = 2.0 fm −1 . Figure 1 shows the expectation value of the center-ofmass Hamiltonian (71) at the frequency ω = ω for the three states in question. It is assumed that all states are degenerate with the ground state with n = 0. The J π = 0 + state of 6 He and the J π = 3 + state of 6 Li shows the expected behavior as observed in Hagen et al. [19, 30] . The expectation value vanishes for ω ≈ 12 MeV, but not in general. The expectation value with respect to the J π = 1 − state however, does not vanish for any frequency. It is clearly wrong to assume that it is the ground state of the center-of-mass Hamiltonian (71).
Instead, let us assume that it is the first excited state of the center-of-mass Hamiltonian (71) with n = 1 . This Table III . Size of the many-body space in the diagonalization procedure in the Arnoldi algorithm for all states calculated in this work. All numbers are based on the angular-momentum coupled representation(jj-scheme). would make it a p state with negative parity which gives a J π = 1 − state when coupled to a J π = 0 + intrinsic state. If this is the case, it will be a spurious centerof-mass excitation where the intrinsic wave function is degenerate with the intrinsic ground state. 6 Li. The positive parity states are assumed to be the lowest eigenstates of the center-of-mass Hamiltonian (71) with n = 0, while the negative parity state is assumed to be the first excited state of the center-of-mass Hamiltonian (71) with n = 1.
now the J π = 1 − state in 6 He is assumed to be the first excited state of the center-of-mass Hamiltonian (71) with n = 1. The expectation value now vanishes for all three states at ω ≈ 12 MeV. [19, 30] as a function of the oscillator parameter ω. Three different states are shown -the J π = 0+ ground state of 6 He, the J π = 1 − excited state in 6 He and the J π = 3 + excited state in 6 Li. The positive parity states are assumed to be the lowest eigenstates of the center-of-mass Hamiltonian (71) with n = 0, while the negative parity state is assumed to be the first excited state of the center-of-mass Hamiltonian with n = 1.
Under these assumptions, the appropriate ω is calculated using Eq. (72). As seen in Fig. 3 , where ω is plotted as a function of ω, the frequency of the centerof-mass Hamiltonian is approximately independent of the frequency of the underlying harmonic oscillator basis for all three states.
Finally, the expectation values are calculated using Eq. (71). The results are shown in Fig. 4 .
From these results, we can draw a couple of conclusions. First, since the expectation values are approximately zero, this shows that our assumptions were valid. All states are approximate eigenstates of the center-ofmass Hamiltonian (71). This means that the total wave function separates into an intrinsic part and a center-ofmass part for all three states. Second, the wave functions for the ground state of 6 He and the first excited J π = 3 + state of 6 Li, factorizes into intrinsic states and the ground state of the center-of-mass Hamiltonian. Last, the J π = 1 − state in 6 He factorizes into the intrinsic ground state and the first excited state of the center-of-mass Hamiltonian. It is identified as a spurious center-of-mass excitation and should be removed from the spectrum.
Ideally, one should go through the entire procedure outlined above to make sure that the calculated state is not a spurious center-of-mass excitation. In practice, it is only necessary to verify that the center-of-mass energy E (0) cm ( ω) vanishes for some value of ω. There are several reasons why the results in this section are only approximate. First, the method used to calculate expectation values is not exact. Second, the single-particle space employed in the calculations is cut (71) is calculated at the center-of-mass frequency ω for the J π = 0+ ground state of 6 He, the J π = 1 − excited state in 6 He and the J π = 3 + excited state in 6 Li. The positive parity states are assumed to be the lowest eigenstates of the center-of-mass Hamiltonian (71) with n = 0, while the negative parity state is assumed to be the first excited state of the center-of-mass Hamiltonian with n = 1.
off at some maximum energy. Although it is verified that the total energy is converged with respect to this cutoff, properties of the wave function might require higher cutoffs. Third, the results obtained by the coupled-cluster machinery are truncated both in the coupled-cluster expansion and in the operator used to define the diagonalization space. Finally, the interaction used in these calculations has been evolved using SRG transformations. The three-and many-body forces induced by this transformation have not been included in these calculations. If one assumes that the first two items yield small deviations from zero, then it might be possible to use this to evaluate how good the coupled-cluster truncations are and say something about the current level of approximation. However, one will need to incorporate 4p-2h corrections to analyze this further.
The purpose of this section has been to show that it is possible to identify and exclude spurious center-of-mass excitations for both ground and excited states calculated with EOM-CC theory. The wave function factorizes, to a very good approximation, into an intrinsic part and a harmonic oscillator eigenfunction for the center-of-mass coordinate. To deternine why this is the case will require additional research and is beyond the scope of this article.
C. Applications to 6 Li and 6 He
For any given reference nucleus, there are only three nuclei accessible to the 2PA-EOM-CC method. Using 4 He as the reference, one can add two protons to calculate properties of 6 Be, two neutrons for 6 He and finally a proton and a neutron to calculate properties of 6 Li. Of these, only 6 Li and 6 He are stable with respect to nucleon emission and will be the focus of this section. The structures of 6 Li and 6 He differ markedly. This is important, because the quality of the current level of approximation will inevitably depend on the structure of the nucleus under investigation. 6 Li is well bound and has four bound states below the nucleon emission threshold at 4.433 MeV [31] . The ground state has spin parity assignment J π = 1 + , while the first excited states have J π = 3 + , 2 + and 0 + . The J π = 0 + ground state in 6 He has a two neutron halo structure, bound by only 800 keV [31] compared to 4 He. There are no bound excited states, only a narrow resonance at 1.710 MeV [31] , and recently also resonances at 2.6 and 5.3 MeV [32] have been documented.
First, let us look at convergence with respect to the size of the model space. Coupled-cluster theory is based on a finite basis expansion, where N max effectively determines the numerical cutoff. The cutoff is increased until the corrections are so small that the uncertainties in the method dominate the error budget. Typically the corrections are down to a tenth of a percentage of the total binding energy. Extrapolations to infinite model spaces [33, 34] have not been performed here but will be included in future work. Figure 5 shows the calculated total binding energy of 6 Li as a function of the oscillator frequency ω. Different lines correspond to different model spaces. At N max = 16, there is a shallow minimum around ω = 24 MeV and, in a 10-MeV range including this minimum, the binding energy varies by approximately 100 keV. This is less than half a percentage of the total energy. At low frequencies, the energy deviates substantially from the minimum, due to the lack of resolution in the singleparticle space.
Note that the gain in binding energy when going from N max = 14 to N max = 16 is also very small, about 40 keV.
The binding energy of 6 Li is converged with respect to the size of the model space (N max ) and the energy at ω = 24 MeV will be tabulated. The picture is largely identical for the binding energy of 6 He, only the minimum in energy occurs at ω = 20 MeV. Here the difference in energy between the two largest model space is about 140 keV. Li is plotted as a typical example. As before, the energy is plotted as a function of ω and different lines correspond to different values of N max . In this section, the excitation energy will be defined as
where E J π ( ω) is the total energy of the excited state with spin-parity assignment J π , calculated at the oscillator frequency ω. Moreover, E gs ( ω) is the ground-state energy calculated at the same frequency.
In Fig. 7 , the convergence pattern of the excitation energies for selected states in the spectrum of 6 Li is shown. The horizontal axis denotes the size of the model space, where the values in the rightmost column are the experimental values [31] . All excitation energies have been calculated at ω = 24 MeV, which correspond to the minimum of the ground-state energy. There is very little model space dependence at N max = 16 and none of the states shown are classified as spurious center-of-mass excitations according to the prescription in Sec. IV B. A second J π = 1 + state was found higher in the spectrum, but this state was found to be a spurious state and was therefore excluded.
In Fig. 8 , an equivalent plot for the first J π = 2 + excited state in 6 He is shown. This result is also converged with respect to the size of the model space. No significant center-of-mass contamination was found in either this state or the ground state. As already discussed a lowlying J π = 1 − state was also found, but was identified as a spurious center-of-mass excitation. Note that all excitation energies for 6 He were calculated at ω = 20 MeV.
Let us also look at some properties of the wave function. Although it is not an observable, other expectation values might be more sensitive to changes in the wave function than the energy. First, the partial norms are defined by
where n(2p0h)+n(3p1h) = 1. The amplitudes r ab (J) and r abc i (J ab , J abc , J) are the spherical amplitudes defined in Eqs. (A25) and (A27), respectively, while J x are angular momentum labels. Note that the angular momentum factors are included so the partial norms are consistent between the coupled and uncoupled schemes. These norms quantify the part of the wave function in 2p-0h and 3p-1h configurations, respectively. Note also that they differ in how they are defined from those used in Hagen et al. [11] , where the 1 2 and 1 6 prefactors were not used. This gave a larger 3p-1h norm than those in this work, due to a significant overcounting of the 3p-1h amplitudes.
Second, the total weights are defined by
where the label pw identifies the partial wave content of the weight. 76) where all nodes for a given partial wave contribute to the sum and spin-orbit partners are not distinguished.
In Table IV partial norms and dominant weights of selected states in 6 Li and 6 He are listed. A few comments are in order. First, all physical states are consistent with the shell-model picture, where the dominant contributions to the wave function come from two valence nucleons in the p shell. Only the J π = 1 − state in 6 He contains contributions from the sd shell, but this is natural as no pure p shell configuration will give a negative-parity state. It is also a spurious center-of-mass excitation and is excluded from the spectrum. Second, the 2p-0h norm for all physical states are around 0.9. Only the spurious state has a significantly lower norm at 0.84. The He with estimated numerical uncertainties. The uncertainties in our results are the differences between the values for the two largest model spaces. The data is compared to NCSM results [35] in the rightmost column, where the parenthesis list extrapolation errors and experimental data in the leftmost column. All experimental data are from Tilley et al. [31] .
remaining 0.1 in the 3p-1h norms are needed to relax the reference wave function as it changes due to the presence of the extra nucleons. Finally, the wave function of the ground state of 6 He and the first excited J π = 0 + state in 6 Li are very similar. This is not surprising, since they can be viewed as two parts of a degenerate isospin triplet. Table V shows results with estimated numerical uncertainties for the ground and selected excited states of both 6 He and 6 Li. For comparison, both experimental values and results from a no-core shell-model (NCSM) calculation [35] are tabulated where data are available. Note that the results from the NCSM calculation are based on the same interaction as the results from this work, but the interaction is renormalized using the procedure defined in Suzuki and Lee [36] before the diagonalization was performed. In addition, the final results were extrapolated to an infinite model space.
Let us discuss the uncertainties indicated by the parenthesis in the table. For the results from this work, listed in the second column, the numbers in parenthesis give the difference in energy between the two largest model spaces. The results from Navrátil and Caurier [35] give the extrapolation errors in the last column, while the experimental energies [31] in the first column are listed without uncertainties. Figure 9 shows a graphical representation of the data in Table V . Compared to the results from the NCSM calculation, our results are quite promising. First, the ground-state energy of 6 Li is well within the uncertainties of the "exact" result, while the ground-state energy of 6 He is just outside. The difference between the two nuclei can be explained by the extended spatial distribution of 6 He. Additional correlations are necessary to account for this structure. Although the α core in 6 He is expected to stay largely unchanged when adding two neutrons, the distribution of these extra neutrons are biased 6 He Figure 9 . Excitation levels of selected states in 6 Li and 6 He, calculated using 2PA-EOM-CC(this work) and NCSM [35] , compared to experimental [31] values.
in one direction. This results in a skewed center of mass compared to the center of mass of the α core alone. Additional correlations are necessary to absorb the resulting oscillations of the α core with respect to the combined center of mass. The spatial distribution of 6 Li is tighter, so this effect is not that prominent. Second, the ordering of excited states in 6 Li is reproduced. Finally, the excitation energies are consistently overestimated. For the first J π = 0 + and 2 + states the differences between the two calculations are small enough to be ascribed to differences in the interaction used. But the difference for the J π = 3 + state, however, is too large for such a simple explanation. Neither the partial norms nor the total weights listed in Table IV provide any hint of explanation for this discrepancy. About 90 % of the wave function is in 2p-0h configurations, which is comparable to the ground state. The wave function is dominated by configurations where both nucleons are in p orbitals, which is consistent with the shell-model picture. Furthermore, the level of convergence for this state is no different from the other excited states. As noted in Sec. IV B, with the SRG evolved interaction, the J π = 3 + state had a slight center-of-mass contribution, which was not present in the other states. This was illustrated in Fig. 4 , but a similar calculation using the bare interaction was too computationally intensive to extract any meaningful information. I include it because it might indicate that additional correlations are needed in the calculation, either in the reference or the EOM operator. This matter needs to be investigated further, but currently the implementation will not allow model spaces large enough for a converged description of the center-of-mass admixture in the final wave function.
Using the in-medium similarity renormalization group (IM-SRG), Tsukiyama et al. [37] performed a sim-ilar study with a softer interaction. Here, the J π = 3 + state in 6 Li is reproduced on the same level of accuracy as for the other bound states.
Let us also look at some of the differences between the results in this work and the experimental data. First, all excitation energies are overestimated compared to data. Again, the J π = 3 + states is exceptional, but this has been discussed in detail by Navrátil and Caurier [35] . The matter was resolved by the inclusion of three-nucleon forces [38] , which also brought the binding energy very close to data.
There is also an ≈ 500-keV difference for the J π = 2 + resonance in 6 He, but here the effects of three-body forces might be less important. This state was also investigated using a chiral interaction with a different cutoff of 600 MeV. With this interaction, the excitation energy of this state was unchanged. That was not the case for the excited states in 6 Li, where especially the J π = 3 + state turned out to be very cutoff dependent. Since the J π = 2 + state in 6 He is a resonance, the continuum is expected to have a larger impact. The current single-particle basis cannot handle the description of both bound, resonance and continuum states that are necessary in this case. These effects have not been included in this calculation, as the focus has been on properties of the method rather than the interaction. The method has been extended to include a Gamow basis as in Michel et al. [39] and Hagen et al. [40] . It has already been applied to 26 F [15] , but a comprehensive discussion is beyond the scope of this article.
Summing up this section, I would like to point out that for well-bound states, with simple structure, the current approximation will yield total energies comparable to exact diagonalization. The calculations can be done in sufficiently large model spaces for the results to be converged for six nucleons, but for certain states, the effects of 4p-2h configurations need to be investigated. To compare to experimental data, however, both three-nucleon forces and continuum degrees of freedom are necessary. 18 Ne are reachable by the 2PA-EOM-CCSD method. All have well-bound ground states and a rich spectra of bound excited states below their respective nucleon emission thresholds. The spectrum of 18 F is especially rich, as the exclusion principle does not affect the placement of nucleons in the sd shell. The proton-neutron interaction is responsible for the compressed spectrum in the fluorine isotope, while strong pairing effects in 18 O result in a lower ground-state energy. In both 18 O and 18 Ne the spectra are opened up and the first excited states are higher in energy. Our current focus is on convergence and the viability of this method. Thus, 18 Ne is not explicitly discussed, as results are similar to those of 18 O. Let us first look at the convergence of the binding energy of
18 O. Figure 10 shows the ground-state energy of 18 O as a function of the oscillator parameter ω. The different lines correspond to different model spaces, parametrized by the variable N max (69). A shallow minimum develops around ω = 32 MeV, where the energy is converged with respect to the size of the model space. The difference in energy is about 20 keV when the size of the model space is increased from N max = 14 to N max = 16. For a wide range of values around the minimum, the ground state energy shows very little dependence on the ω parameter. Thus, the result is converged with respect to the size of the model space.
A similar result is obtained for the ground-state energy of 18 F, where the difference in energy is around 160 keV between the two largest model spaces. This is almost an order of magnitude larger than for the ground state of 18 O but is still well within 1% of the total energy. Figure 11 shows the total energy of the first excited J π = 3 + state in 18 O for different model spaces. Here, a shallow minimum develops at ω = 28 MeV. Moreover, this state is very well converged, with a difference in energy of only about 25 keV between calculations in the two largest model spaces. It is clear that the rate of convergence differs for different values of ω. When excitation energies are wanted, different choices of ω lead to different results. Let us discuss two options to evaluate the excitation energy. First, the total energies can be treated as variational results, where the lowest energy for the ground state and the lowest energy for the J π = 3 + excited state, are chosen. Thus, at N max = 16 the excitation energy can be calculated as
where E 3 + (28MeV) is the total energy of the J π = 3 + excited state, calculated at ω = 28 MeV, while (32MeV) is the ground-state energy calculated at ω = 32 MeV. Second, the same value of ω can be used for both energies, typically where the ground state has a minimum. Thus, for the current case the excitation energy is calculated as
The difference in energy between these two options is minimal if sufficiently large model spaces are used, but it will have a significant impact on the rate of convergence. The effect is significant, but the first approach of Fig. 12 correctly depicts the level of convergence of the excited states and will be used in the following.
As in the previous section, let us look at some properties of the wave functions. First, the partial norms defined in Eq. (74) and the total weights (76) of the different configurations are calculated. The results are tabulated in Table VI . All positive-parity states have two nucleons in the sd shell and are consistent with the standard shell model picture. As in the previous section, all 2p-0h norms are close to 0.90, except for the negative-parity states which are closer to 0.80. The negative-parity states are dominated by cross-shell configurations as these are the only 2p-0h configurations that can give a negative parity. 3p-1h excitations from the p shell give a substantial contribution to the 3p-1h norm.
Second, the center-of-mass contamination of each wave function was analyzed according to the prescription in Sec. IV B. Of the states tabulated in Table VI , four states had a significant center-of-mass contamination. Let us, first, focus on the three negative-parity states in 18 O. Figure 14 shows the excitation energies of the negativeparity states in 18 O and they are not yet converged at N max = 16. Although they had a large center-of-mass component, it was not possible to establish what kind of center-of-mass excitations these states corresponded to. Calculations in larger model spaces needs to be performed to correctly describe these states. However, it is also necessary to include 4p-2h correlations to get these states right. This can be understood by examining how negative-parity states can occur in 18 O. First, they can be produced by placing one neutron in the sd shell, while the other is placed in the pf shell. If this was the dominant configuration, the current truncation would have been enough. Second, they can also be produced by placing two neutrons in the sd shell and excite a nucleon from the p shell up to the sd shell. If these kind of excited configurations are comparable in energy to the first kind, 3p-1h configurations start to dominate and 4p-2h configurations are necessary for the proper relaxation of the wave function. One can ask whether the center-of-mass contamination would change if these configurations were included and whether it is a result of a poorly converged wave function, but this will be a topic for future work.
In the spectrum of 18 O, there are three bound J π = 0 + and 2 + states. The second J π = 0 + state is especially interesting for this method, as it is a 4p-2h state [42] . In the shell-model language, it is an intruder state, because configurations outside the sd shell are important to get this state right. As the current implementation includes only the 3p-1h configurations, this state can provide clues as to what type of behavior can be expected from states that are not converged with respect to the level of approximation. shows a large contamination, while the other states show almost none. Assuming that missing many-body correlations will manifest as larger center-of-mass contaminations in the final wave functions, this state is associated with the experimental second J π = 0 + state. The calculated second J π = 0 + is closer in energy, but including effects of three-nucleon forces pushes this state higher in energy and very close to the experimentally observed J π = 0 + state at 5.34 MeV. [10] . A similar effect occurs among the J π = 2 + excited states, but it is less prominent. Here, the center-of-mass contamination were negligible for all but the third J π = 2 + state, but even here, the contamination was small compared to the third
Let us summarize the discussion of missing many-body correlations. Three different markers have been identified to indicate missing physics. Unfortunately, none of them can be used quantitatively and all must be evaluated simultaneously to form a general picture. First, the partial norms can be used to differentiate among different states. From these calculations it seems that a 2p-0h norm of around 90 % is the standard. A lower partial norm, might indicate the need for 4p-2h or higher correlations.
Second, we look at the convergence patterns and if energies converge slowly, this probably means that something is missing from the calculation. In weakly bound states, for example, continuum effects result in the need for additional resolution in the single-particle basis. Finally, we look at the level of center-of-mass contamination present in the wave function. Either the state can be identified as a spurious center-of-mass excitation or a small non-zero center-of-mass component might indicate missing correlations. None of these arguments can be analyzed in detail before 4p-2h configurations are included. This is a work in progress, but, computationally, it will only be possible to include these configurations in a small single-particle space. If the 3p-1h and 4p-2h configurations are defined only in a so-called active space around the Fermi level, the computational cost might be manageable. This has been done successfully in Gour et al. [43] and should prove to be a valuable approximation also in this method. The formation of a correlated α cluster around the Fermi level is important in this mass region and can hopefully be accounted for using a minimal set of 4p-2h configurations. Let us also look at the convergence of selected states in 18 F. Figure 16 shows the excitation energy of the first few states in 18 F for different model spaces. Here all states are relatively well converged, with only the J π = 4 + state showing some model space dependence at N max = 16. None of these states have significant center-of-mass contamination and all partial norms are on the same level as can be seen in Table VI. This table also shows there is a slight contribution to the wave function from outside the sd shell. Figure 17 shows the excitation spectra of 18 O, 18 F, and 18 Ne. Only states that are considered good are plotted and compared to data.
For future comparison, Table VII lists the numerical values used in Fig. 17 , together with the ground-state energies. The uncertainty is calculated as the difference in energy between calculations in the two largest model spaces. The experimental values are from Tilley et al. [41] .
The total binding energy of 18 O is comparable to what was found in Hergert et al. [44] , where the in-medium similarity renormalization group (IM-SRG) [6] method was used to compute the ground-state energies of even E O M C C E x p t . system, compared to experimental data. The experimental energies are from Tilley et al. [41] . The number in parenthesis indicates the level of convergence and is the difference in energy between calculations in the two largest model spaces.
oxygen isotopes. Although they used an SRG evolved interaction based on chiral interaction at fourth order by Entem and Machleidt [28] , induced three-nucleon forces were also included in the final calculation to make the results comparable to those in Table VII . Compared to data, the level ordering in 18 F is reproduced, but the excitation energies are systematically overestimated. Disregarding the missing states in 18 O, the level ordering is also reproduced, but here the excitation energies are systematically underestimated. This is consistent with shell-model calculations [45, 46] of these nuclei using different model-space interactions. For results based on the chiral interactions used in this work, the inclusion of three-nucleon forces [10, 47] gives results that better match experimental data. Recently, Ekström et al. [14] showed that the effects of three-nucleon forces depends on the low-energy constants used in the parametrization of the chiral potential. To accurately evaluate the quality of these forces will require not only three-nucleon forces and continuum degrees of freedom but also additional correlations in the many-body wave function [10, 44, [48] [49] [50] [51] .
V. CONCLUSIONS AND OUTLOOK
The spherical version of the 2PA-EOM-CCSD method has been presented. This is appropriate for the calculation of energy eigenstates in nuclei that can be described as two particles attached to a closed (sub-)shell reference. The method has been evaluated in both A = 6 and A = 18 nuclei, where the results were converged with respect to the single-particle basis.
It was also shown that the wave function from a 2PA-EOM-CCSD calculation separates into an intrinsic part and a Gaussian for the center-of-mass coordinate, not necessarily the ground state of the harmonic oscillator Hamiltonian. Wave functions with significant center-ofmass contamination were either identified as a spurious center-of-mass excitation or were not converged with respect to the current approximation level.
In comparison with a full diagonalization, both ground-state and excited-state energies were in general very accurate. However, one excited state in 6 Li deviated significantly from the "exact" result, showing the need to include additional correlations like 4p-2h configurations for the accurate treatment of complex states. For simple states, where a 2p structure is dominant, the current level of truncation is adequate.
Both three-nucleon forces and a correct treatment of the scattering continuum are needed to refine the results. these deserve special attention. These elements can be factorized in just the same way as the coupled-cluster amplitude equations, to reduce the computational cost of these diagrams. The two three-body contributions to the 3p-1h amplitudes are (HR) 
